This note is an expository account of recent results due to the author on the structure of invariant subalgbras of ghost systems under reductive group actions. Our main result is that these vertex algebras are strongly finitely generated. The W1+∞ algebra plays a fundamental role in their structure.
Introduction
We call a vertex algebra V Noetherian if it is strongly finitely generated. In other words, there exists a finite set of generators such that the collection of iterated Wick products of the generators and their derivatives spans V. This property has several important consequences, and in particular implies that both Zhu's associative algebra A(V), and Zhu's commutative algebra V/C 2 (V), are finitely generated.
By an invariant vertex algebra, we mean a subalgebra V G ⊂ V, where G is a group of automorphisms of V. It is our belief that if V is a simple, Noetherian vertex algebra, and G is reductive, V G will be Noetherian under fairly general circumstances. Isolated examples of this phenomenon have been known for some years [1] [3] [8] , although until recently there were few general results of this kind. The Noetherian property is a subtle and essentially "quantum" phenomenon, and is generally destroyed by passing to the classical limit before taking invariants. Often, V admits a G-invariant filtration for which gr(V) is a commutative algebra with a derivation (i.e., an abelian vertex algebra), and the classical limit gr(V G ) is isomorphic to (gr(V)) G as a commutative algebra. Unlike V G , gr(V G ) is generally not finitely generated as a vertex algebra, and a presentation will require both infinitely many generators and infinitely many relations [1] .
In recent work [10] [11], the author has established the Noetherian property of a certain class of invariant subalgebras of ghost systems, and this note is an expository account of these results. Let V = C n , and let E(V ) and S(V ) denote the corresponding bc and βγ systems, respectively. The group GL n acts naturally on E(V ) and S(V ) by automorphisms, and there exist remarkable realizations of the vertex algebras W 1+∞,n and W 1+∞,−n as the invariant subalgebras
E(V )
GLn and S(V ) GLn , respectively [4] [7] . For n ≥ 1, W 1+∞,n is known to be isomorphic to W(gl n ) with central charge n [4] . Similarly, for n = −1, W 1+∞,−1 is isomorphic to W(gl 3 ) with central charge −2 [13] [14] , but for n > 1 the structure of W 1+∞,−n has been an open problem since the 1990s. It was conjectured in [2] that W 1+∞,−n should have a minimal, strong generating set consisting of n 2 + 2n elements, and this conjecture was settled recently by the author in [10] , using ideas from classical invariant theory. This result is the starting point of our study of S(V ) G for an arbitrary reductive group G ⊂ GL n in [11] , since S(V ) G is completely reducible as a module over W 1+∞,−n . Both E(V ) G and (E(V ) ⊗ S(V )) G can be studied using similar methods.
βγ and bc ghost systems
We will assume that the reader is familiar with the basic notions in vertex algebra theory; we will follow the notation in [10] , where a list of references can be found. All our vertex algebras are assumed to have a Z ≥0 -grading by conformal weight. Let V = C n . The βγ-system S(V ), or algebra of chiral differential operators on V , was introduced in [5] . It is the unique even vertex algebra with generators β x , γ x , linear in x ∈ V , x ∈ V * , which satisfy the OPE relations
Here , denotes the natural pairing between V * and V . We give S(V ) the conformal structure
under which β xi and γ x i are primary of conformal weights 1 and 0, respectively. Here {x 1 , . . . , x n } is a basis for V and {x 1 , . . . , x n } is the dual basis for V * . The standard action ρ : GL n → Aut(V ) induces an action ρ : GL n → Aut(S(V )) by vertex algebra automorphisms, defined on generators byρ
for g ∈ GL n , x ∈ V , and x ∈ V * . There is a filtration
It is a good increasing filtration in the sense of [9] , so the associated graded object gr(S(V )) is a commutative ring with a derivation. We have a linear isomorphism S(V ) ∼ = gr(S(V )), and a ring isomorphism
where V * k and V k are copies of V and V * , respectively. For any G ⊂ GL n , this filtration is G-invariant, and we have ring isomorphisms
There is also an odd analogue of S(V ) known as a bc-system, or semi-infinite exterior algebra, which we denote by E(V ) [5] . It has odd generators b x , c x , linear in x ∈ V , x ∈ V * , which satisfy the OPE relations
There is an action of GL n on E(V ) which is analogous to (1) , and an analogous filtration such that ∂ k b x and ∂ k c x lie in E(V ) (1) , and
Let D be the Lie algebra of regular differential operators on C \ {0}, with coordinate t. A standard basis for D is
where
and a corresponding central extensionD = D ⊕ Cκ, which was first studied by Kac-Peterson in [6] .D has a Z-gradingD = j∈ZD j by weight, given by
and a triangular decomposition 
where C λ is the one-dimensionalD 0 ⊕D + -module on which κ acts by multiplication by c and h ∈D 0 acts by multiplication by λ(h), andD + acts by zero. Let P be the parabolic subalgebra of D consisting of differential operators which extend to all of C, which has a basis {J l k | l ≥ 0, l + k ≥ 0}. The cocycle Ψ vanishes on P, so P may be regarded as a subalgebra ofD. ClearlyD 0 ⊕D + ⊂P, whereP = P ⊕ Cκ. The inducedD-module
An element ω ∈ M c is called a singular vector if J l (k)ω = 0 for all l ≥ 0 and k > l. The maximal properD-submodule I c is a vertex algebra ideal in M c , and the unique irreducible quotient M c /I c is denoted by W 1+∞,c . We denote the projection M c → W 1+∞,c by π c , and we use the notation j l = π c (J l ) in order to distinguish between J l ∈ M c and its image in W 1+∞,c . For c / ∈ Z, M c is irreducible, but for n ∈ Z, M n is reducible, and the structure and representation theory of W 1+∞,n are nontrivial. For n ≥ 1, W 1+∞,n has an important free field realization as the invariant space E(V )
GLn [4] . It is given by
:
Using this realization, the authors explicitly identified W 1+∞,n with the vertex algebra W(gl n ) of central charge n, and classified its irreducible representations. In particular, M n has a unique nontrivial singular vector (up to scalar multiples) of weight n + 1, which generates I n as a vertex algebra ideal. This singular vector gives rise to a "decoupling relation" in W 1+∞,n of the form
where P is a normally-ordered polynomial in the vertex operators j 0 , . . . , j
and their derivatives. For n ≥ 1, there is an analogous free field realization of W 1+∞,−n as the invariant subalgebra S(V )
GLn , introduced in [7] . It is given by
In the case n = 1, Wang used this realization, together with the FriedanMartinec-Shenker bosonization of bosons, to show that W 1+∞,−1 is isomorphic to W(gl 3 ) with central charge −2 [13] [14] . Unfortunately this approach does yield an explicit description of W 1+∞,−n for n > 1, although the realization
GLn allows us to study W 1+∞,−n using classical invariant theory. This idea which was first suggested by Eholzer-Feher-Honecker in [3] .
As a vector space, S(V )
GLn is isomorphic to the classical invariant ring
and we view S(V ) GLn as a deformation of R. The generators and relations of R are given by Weyl's first and second fundamental theorems of invariant theory for the standard representation of GL n [17] .
Theorem 3.1 (Weyl) For k ≥ 0, let V k be the copy of the standard GL n -module C n with basis x i,k for i = 1, . . . , n, and let V * k be the copy of V * with basis
GLn is generated by the quadratics
Here I = (i 0 , . . . , i n ) and J = (j 0 , . . . , j n ) are lists of integers satisfying 0 ≤ i 0 < i 1 < · · · < i n and 0 ≤ j 0 < j 1 < · · · < j n .
As we shall see, there is a decoupling relation in S(V ) GLn of minimal weight (n + 1) 2 , of the form
where P is a normally ordered polynomial in j 0 , . . . , j l−1 and their derivatives. The existence and minimality of such a relation is a formal consequence of Weyl's theorem. From (4), it is easy to construct normally ordered polynomial relations j r = Q r (j 0 , . . . , j l−1 ), for all r > l. An immediate consequence is Sketch of proof: First, we define vertex operators
which correspond to q a,b under the linear isomorphism S(V ) GLn ∼ = R. For each l ≥ 0, the sets {ω a,b | a + b = l} and {∂ a j b | a + b = l} span the same vector space of weight l + 1, so {ω a,b | a, b ≥ 0} is an alternative strong generating set for W 1+∞,−n . In fact, there is a linear isomorphism
Corresponding to each relation d I,J given by (3), is a normally ordered polynomial D I,J ∈ I −n , of weight |I| + |J| + n + 1, where |I| = i 0 + · · · + i n and |J| = j 0 + · · · + j n . The set
generates I −n as a vertex algebra ideal. In fact, the vector space with basis (5) is a cyclic module over the parabolic Lie algebra P, with generator D 0 = D (0,1,...,n),(0,1,...,n) , which has minimal weight (n + 1) 2 . It follows that I −n is a principle vertex algebra ideal with generator D 0 . In the case n = 1, it was conjectured by Wang in [15] that I −1 should be principle.
It is convenient to express D I,J in the form
where each D 
Suppose that D I,J = 2k+2 k=1D 2k I,J is some rearrangement of (6) (7) is independent of all choices of normal ordering in D 2k I,J , for 1 < k ≤ n + 1. We are particularly interested in the element D 0 = D (0,...,n),(0,...,n) of minimal weight (n + 1)
0 be an expression of the form (6). By Theorem 4.15 of [10] , b 0 is nonzero. This is a fairly difficult result, and depends on a recursive structure that allows us to proceed by induction on n. By weight considerations, for k > 1, D 2k 0 only depends on J 0 , . . . , J l−1 and their derivatives, for l = n 2 + 2n. Applying the projection π −n : M −n → W 1+∞,−n to D 0 , and solving for j l , we obtain the relation
expressing j l as a normally ordered polynomial in j 0 , . . . , j l−1 and their derivatives, as desired.
Representation theory of W 1+∞
Recall that given a vertex algebra V with weight grading V = n∈Z V n , the Zhu functor attaches to V an associative algebra A(V), together with a surjective linear map π Zh : V → A(V) [16] . For a ∈ V m and b ∈ V, define 
Let V be a vertex algebra which is strongly generated by a set of weighthomogeneous elements α i , for i in some index set I. Then A(V) is generated by
. , ]/I c , where I c = π Zh (I c ), and since A(W 1+∞,c ) is a commutative algebra, its irreducible modules are all onedimensional. If c is an integer n ≥ 1, it is known that A(
. The irreducible, admissible A(W 1+∞,n )-modules then correspond to the points in C n . The situation is much more interesting in the case of negative integral central charge. For n = 1, it was shown in [13] [14] that A(W 1+∞,−1 ) ∼ = C[h, t, w]/I, where I is the ideal generated by f (t, w) = w 2 − 1 9 t 2 (8t + 1). It follows that the irreducible, admissible W 1+∞,−1 -modules are parametrized by the points on the variety V (I) ⊂ C 3 , which is the product of an affine line with a rational curve. For n > 1, it follows from Theorem 3.2 that A(W 1+∞,−n ) is generated by {a 0 , . . . , a l−1 | l = n 2 + 2n}. Hence
where I −n is now regarded as an ideal inside C[a 0 , . . . , a l−1 ]. Let V (I −n ) ⊂ C n 2 +2n be the corresponding variety, which then parametrizes the irreducible, admissible modules over W 1+∞,−n . It can be shown that V (I −n ) is a proper, closed subvariety of C n 2 +2n . It is an interesting open problem to compute its dimension and decide whether it is irreducible or not.
Invariant subalgebras of S(V )
Let V = C n , and let G be a reductive subgroup of GL n . The invariant subalgebra S(V ) G is then a module over the subalgebra S(V ) GLn ∼ = W 1+∞,−n . This module structure will an essential ingredient of our description of S(V ) G .
Lemma 4.1 (Lemma 5.1 of [11] ) For any reductive G ⊂ GL n , S(V ) G is finitely generated as a vertex algebra.
Proof: First we consider S(V )
G from the point of view of classical invariant theory. For any p ≥ 0, there is an action of GL p on
We obtain an action of GL ∞ on Sym k≥0 (V k ⊕ V * k ) by algebra automorphisms, which commutes with the action of G. Hence GL ∞ acts on R as well. By a basic theorem of Weyl [17] , R is generated by the set of translates under GL ∞ of any set of generators for (Sym
G is finitely generated. Hence there exists a finite set of homogeneous elements {f 1 , . . . , f k } ⊂ R such that {σf i | i = 1, . . . , k, σ ∈ GL ∞ } generates R. It follows that any set of vertex operators
which correspond to σf i under (2), is a set of strong generators for S(V ) G . Next, we recall the decomposition of S(V ) as a bimodule over GL n and W 1+∞,−n , which appears in [7] . We have
where H indexes the irreducible, finite-dimensional representations L(ν) of GL n , and M ν is an irreducible, highest-weight W 1+∞,−n -module. In particular, the GL n -isotypic component of
is a module over G ⊂ GL n , and since G is reductive, it has a decomposition L(ν) = ⊕ µ∈H ν L(ν) µ . Here µ runs over a finite set H ν of irreducible, finite-dimensional representations L(ν) µ of G, possibly with multiplicity. We thus obtain a refinement of (8):
G be the vertex operators corresponding to the polynomials f 1 , . . . , f k under (2). Clearly
of the modules appearing in (8) . By increasing the number of elements f 1 (z), . . . , f k (z) if necessary, we may assume without loss of generality that each f i (z) lives in a single representation of the form L(ν j ) ⊗ M νj . Moreover, we may assume that f i (z) lives in a trivial G-submodule L(ν j ) µ0 ⊗ M νj , where µ 0 denotes the trivial, one-dimensional G-module. (In particular, L(ν j ) µ0 is one-dimensional). Since the actions of GL ∞ and GL n on S(V ) commute, we may assume that
is generated as an algebra over W 1+∞,−n by f 1 (z), . . . , f k (z). Finally, since W 1+∞,−n is itself a finitely generated vertex algebra, we conclude that S(V ) G is finitely generated. It takes more work to prove that S(V ) G is Noetherian. The additional ingredient we need is a certain finiteness property possessed by any irreducible, highest-weight W 1+∞,−n -submodule of S(V ). Let M be such a submodule of S(V ), with highest-weight vector f (z). Then the generators j l ∈ W 1+∞,−n satisfy j l (k)f (z) = 0 for k > l, and j l (l) acts by a scalar on f (z). By definition, M is spanned by the collection
Unlike the vacuum vector, f (z) need not be annihilated by j l (k) for 0 ≤ k ≤ l. Given a set S of vertex operators in M , let M S ⊂ M denote the subspace spanned by elements of the form : ω 1 (z) · · · ω t (z)α(z) : with ω j (z) ∈ W 1+∞,−n and α(z) ∈ S. Lemma 4.2 (Lemma 5.9 of [11] ) Let M be an irreducible W 1+∞,−nsubmodule of S(V ), with highest-weight vector f (z), as above. Then there is a finite set S of elements of the form
so that M = M S .
The parabolic subalgebra P ⊂D acts on M , and the idea of the proof is to consider the subspace M ⊂ M generated by f (z) under the action of P. Clearly M contains all elements of the form (9) . The filtration on S(V ) is Pinvariant, so M lies in the same filtered component S(V ) (d) which contains f (z). This observation, together with the Noetherian property of W 1+∞,−n , allows us to construct S. An upper bound on the size of S can be given in terms of d and n. G is Noetherian.
Proof: By Lemma 4.1, we can find vertex operators f 1 (z), . . . , f k (z) such that the corresponding polynomials f 1 , . . . , f k ∈ gr(S(V ))
G , together with all GL ∞ -translates, generate the invariant ring gr(S(V )) G . As in the proof of Lemma 4.1, we may assume that each f i (z) lies in an irreducible, highest-weight
ν , where L(ν) µ0 is a trivial, onedimensional G-module. Furthermore, we may assume without loss of generality that f 1 (z), . . . , f k (z) are highest-weight vectors for action of W 1+∞,−n . (Otherwise, we can replace these with highest-weight vectors in the corresponding modules).
For each M i , we can choose a finite set S i of vertex operators of the form
Since the set
it is immediate that S is a strong, finite generating set for S(V ) G .
Invariant subalgebras of E(V ) and E(V ) ⊗ S(V )
Our methods easily extend to the study of invariant subalgebras of bc-systems and bcβγ-systems. Recall that for n ≥ 1, W 1+∞,n has a free field realization as the invariant subalgebra E(V ) GLn for V = C n . As a bimodule over GL n and W 1+∞,n , E(V ) has a decomposition
, where L(ν) is an irreducible, finite-dimensional GL n -module and N ν is an irreducible, highest-weight W 1+∞,n -module [7] . Hence the bcβγ-system E(V ) ⊗ S(V ) has a decomposition
where L(ν) and L(µ) are irreducible, finite-dimensional GL n -modules, and M ν and N ν are irreducible, highest-weight modules over W 1+∞,−n and W 1+∞,n , respectively.
The same argument as the proof of Lemma 4.1 shows that for any reductive G ⊂ GL n , both E(V ) G and (E(V ) ⊗ S(V )) G are finitely generated vertex algebras. Finally, the analogue of Lemma 4.2 holds for each irreducible, highestweight W 1+∞,n -submodule M of E(V ) with highest-weight vector f (z). Given a subset S ⊂ M , we define M S ⊂ M to be the subspace spanned by the elements
Then there is a finite set S of vertex operators of the form
Similarly, for any irreducible W 1+∞,n ⊗ W 1+∞,−nsubmodule M of E(V ) ⊗ S(V ) with highest-weight vector f (z), and any subset S ⊂ M , define M S to be the subspace spanned by the elements
with ω i (z) ∈ W 1+∞,n , ν j (z) ∈ W 1+∞,−n , and α(z) ∈ S. Then there is a finite set S of vertex operators of the form
with j li ∈ W 1+∞,n andj dj ∈ W 1+∞,−n , such that M = M S . An immediate consequence, whose proof is the same as the proof of Theorem 4.3, is Theorem 5.1 (Theorem 6.1 of [11] ) Let V = C n and let G be a reductive subgroup of GL n . Then E(V ) G and (E(V ) ⊗ S(V )) G are Noetherian.
Some open problems
Our method for studying invariant vertex algebras can be summarized as follows. Given a vertex algebra V and a reductive group G ⊂ Aut(V), we find a "big" subalgebra B ⊂ V G such that B is Noetherian, V G is completely reducible as a B-module, and V G is finitely generated as an algebra over B. In our examples, if V is S(V ), E(V ), or E(V )⊗S(V ), then B is W 1+∞,−n , W 1+∞,n , or W 1+∞,n ⊗ W 1+∞,−n , respectively. If the irreducible B-submodules of V G have a finiteness property analogous to the property given by Lemma 4.2, V G will be Noetherian. We hope that this method will be applicable in other situations, such as when V is the current algebra V (g, k) of a simple Lie algebra g at level k = 0, a lattice vertex algebra, or the algebra of global sections of the chiral de Rham sheaf of manifold with a group action [12] .
Another interesting problem concerns the structure of Zhu's commutative algebra for invariant vertex algebras. Recall that for any vertex algebra V, C 2 (V) denotes the the vector space spanned by elements : (∂α)β :, for α, β ∈ V, and V/C 2 (V) is a commutative algebra with a grading by conformal weight, known as Zhu's commutative algebra [16] . By contrast, the Zhu algebra A(V) is only filtered by conformal weight. Given an element f ∈ A(V) of weight at most w, letf denote the symbol of f , i. e., the image of f in the homogeneous component of gr(A(V)) of weight w. The map V/C 2 (V) → gr(A(V))
sending the coset of α ∈ V to the symbol of π Zh (α), is a surjective homomorphism of commutative algebras. As in the case of A(V), a strong generating set for V projects to a set of generators for V/C 2 (V), so if V is Noetherian, V/C 2 (V) is finitely generated. For any Noetherian vertex algebra V, the scheme Spec(V/C 2 (V)) encodes interesting information about V, and it is important to study its geometry. In particular, if V G is an invariant vertex algebra which has the Noetherian property, some natural problems are to determine when Spec(V G /C 2 (V G )) is irreducible, to compute its dimension, and to determine when the map (10) is an isomorphism.
